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1 Introduction

The nth Jacobsthal number (n ≥ 0) [1] is defined by

Jn =
2n − (−1)n

3
.

In 2011, Krassimir T. Atanassov [2] generalized to the form

Js
n =

sn − (−1)n

s+ 1
,

where n is non-negative number and s is a positive real number.
And he also gave the form

Js,t
n =

sn − (−t)n

s+ t
,

where n is non-negative integer and s 6= −t is arbitrary real number.

In 2014, Alous Cesar F. Bueno [4] introduced sk-Jacobsthal numbers and studied their prop-
erties. The nth sk-Jacobsthal number is given by

Jsk
n =

snk − (−1)n

sk+1

,
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where sk 6= 0 and sk+1 6= 0, 1 are the kth and (k + 1)th terms of the real sequence {sk}∞k=0.

The purpose of this paper is to generate the new generalization of the Jacobsthal number and
investigate their properties.

2 Main Results

Definition 2.1. The nth sk, t-Jacobsthal number is given by

Jsk,t
n =

snk − (−t)n

sk + t
,

where n is non-negative integer and sk 6= t is the kth terms of the real sequence {sk}∞k=0

The first six members of the sequence {Jsk,t
n } with respect to n are

n 0 1 2 3 4 5
Jsk,t
n 0 1 sk − t s2k − skt+ t2 s3k − s2kt+ skt

2 − t3 s4k − s3kt+ s2kt
2 − skt

3 + t4

Theorem 2.2. For non-negative integer a

Jsk,t
n+a = sakJ

sk,t
n + (−t)nJsk,t

a .

Proof. Since

Jsk,t
n+a =

sn+a
k − (−t)n+a

sk + t

=
saks

n
k − (−t)n(−t)a

sk + t

=
sak(s

n
k − (−t)n)
sk + t

+
(−t)n(sak − (−t)a

sk + t

= sakJ
sk,t
n + (−t)nJsk,t

a .

Corollary 2.2.1. If a = 1 and a = 2 then

Jsk,t
n+1 = skJ

sk,t
n + (−t)n

and
Jsk,t
n+2 = s2kJ

sk,t
n + (−t)n(sk − t).

Theorem 2.3.

Jsk,t
2n =

(snk + tn)Jsk,t
n if n is even

(snk − tn)Jsk,t
n if n is odd .
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Proof.

Jsk,t
2n =

s2nk − (−t)2n

sk + t

=
s2nk − t2n

sk + t

=
(snk − tn)(snk + tn)

sk + t

=

(snk + tn)
(snk−(−t)

n)

sk+t
if n is even

(snk − tn)
(snk−(−t)

n)

sk+t
if n is odd

=

(snk + tn)Jsk,t
n if n is even

(snk − tn)Jsk,t
n if n is odd .

Theorem 2.4.
(sk + t)Jsk,t

n Jsk,t
n = 2snkJ

sk,t
n − Jsk,t

2n .

Proof.

(sk + t)Jsk,t
n Jsk,t

n =
(snk − (−t)n)(snk − (−t)n)

sk + t

=
s2nk + (−t)2n − 2(−t)nsnk

sk + t

=
2s2nk − s2nk + (−t)2n − 2(−t)nsnk

sk + t

=
2s2nk − 2(−t)nsnk

sk + t
− s2nk − (−t)2n

sk + t

=
2snk(s

n
k − (−t)n)
sk + t

− s2nk − (−t)2n

sk + t

= 2snkJ
sk,t
n − Jsk,t

2n .

Theorem 2.5.
Jsk,t
n+1 + Jsk,t

n = skJ
sk,t
n + Jsk,t

n + (−t)n.

Proof. Note that s2kJ
sk,t
n + sktJ

sk,t
n = sn+1

k − sk(−t)n.

Jsk,t
n+1+Jsk,t

n =
sn+1
k − (−t)n+1

sk + t
+

snk − (−t)n

sk + t

=
s2kJ

sk,t
n + sktJ

sk,t
n + sk(−t)n − (−t)n+1 + snk − (−t)n

sk + t

=
skJ

sk,t
n (sk + t) + (−t)n(sk + t) + snk − (−t)n

sk + t

= skJ
sk,t
n + Jsk,t

n + (−t)n.

Theorem 2.6.
Jsk,t
n+1 − Jsk,t

n = skJ
sk,t
n − Jsk,t

n + (−t)n.
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Proof.

Jsk,t
n+1−Jsk,t

n =
sn+1
k − (−t)n+1

sk + t
− snk − (−t)n

sk + t

=
s2kJ

sk,t
n + sktJ

sk,t
n + sk(−t)n − (−t)n+1 − snk + (−t)n

sk + t

=
skJ

sk,t
n (sk + t) + (−t)n(sk + t)− (snk − (−t)n)

sk + t

= skJ
sk,t
n − Jsk,t

n + (−t)n.

Theorem 2.7.
Jsk,t
n Jsk,t

n+1 =
2s2n+1

k

sk + t
− Jsk,t

2n+1 +
(−tsk)n(1− sk)

sk + t
.

Proof.

Jsk,t
n Jsk,t

n+1 =

[
snk − (−t)n

sk + t

][
sn+1
k − (−t)n+1

sk + t

]
=

(snk − (−t)n)(sn+1
k − (−t)n+1)

(sk + t)2

=
s2n+1
k − (−t)nsn+1

k + (−t)nsnk + (−t)2n+1

(sk + t)2

=

[
s2n+1
k + (−t)2n+1

sk + t

]
+

(−t)nsnk(sk) + (−t)nsnk
sk + t

=
2s2n+1

k − s2n+1
k + (−t)2n+1

sk + t
+

(−tsk)n(1− sk)

sk + t

=
2s2n+1

k

sk + t
− Jsk,t

2n+1 +
(−tsk)n(1− sk)

sk + t
.
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