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1 Introduction

The Fibonacci numbers [6] £, are the terms of the sequence {0,1,1,2,3,5,-- -} wherein each
term is the sum of the two previous terms beginning with the initial values F; = 0 and F; = 1.

The well-known Fibonacci sequence is defined as Fy, = Fy_ 1 + Fjp_o for k& > 2 where
Fy=0,F =1.

In a similar way, Lucas sequence is defined as Ly, = Ly 1 + Lo for & > 2 where
LU = 2, L1 - 1

Generalized Fibonacci sequence [4] is defined as Fy, = pFi_1 + qFy_2, k > 2 with initial
condition F{, = a, F} = b where p, g are positive integers and a, b are nonnegative integers.
The Jacobsthal sequence [4] is defined by the recurrence relation

Jp = Jpo1 + 2040,k > 2
with JO = 0, Jl = 1.
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Its Binet’s formula is defined by

_ BB

Jy= L2
" R —R,

The Jacobsthal-Lucas sequence [5] is defined by the recurrence relation:
Ik = Jk—1+ 2Jp—2, k > 2

with initial condition jo = 2, 7; = 1.
Its Binet’s formula is defined by

jk = RY + RS,

Where R; = 2 and R, = —1 are the roots of the characteristic equation 2% — z — 2 = 0.

In 2011-2012, Krassimir T. Atanassov studied and generalized about Jacobsthal number see
more detail in [1, 2].

In 2011, Bijendra Singh, Omprakash Sikhwal, and Shikha Bhatnagar have studied some iden-
tities for even and odd Fibonacci-like and Lucas numbers [3].

In 2013, Yashwant K. Panwar, Bijendra Singh, and V. K. Gupta have presented some identities
of common factors of generalized Fibonacci, Jacobsthal and Jacobsthal-Lucas numbers by using
Binet’s formula derivation [4].

In 2014, Bijendra Singh, Kiran Sisodiya, and Farooq Ahmad have studied the products of
k-Fibonacci numbers and k-Lucas numbers see more details in [6].

In 2014, Deepika Jhala, G. P. S. Rathore, and Bijendra Singh have studied some identities
involving common factors of k-Fibonacci and k-Lucas numbers see more details in [7].

In this paper, we give a new definition by using the recurrence relation of Jacobsthal sequence
[4] and with the initial condition of Fibonacci-like sequence [4]. It is called Jacobsthal-like.
We also provide generalized identities on the product of Jacobsthal-like and Jacobsthal-Lucas
numbers by using Binet’s formula for derivation.

2 Main results

Definition 2.1. The Jacobsthal-like number is defined by the recurrence relation:
Vie= Vi1 +2Vi9, k> 2

with initial condition Vo = 2,V; = 2.

The Binet’s formula is defined by

k+1 k+1
oy — Iy

Vi=2
k Rl—RQ ;

where R; = 2 and R, = —1 are the roots of the characteristic equation 2> — z — 2 = 0.
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Definition 2.2. The Jacobsthal-Lucas number [5] is defined by the recurrence relation:
Jk = Jh-1+ 2jp—2,k > 2
with initial condition jo = 2,7, = 1.
The Binet’s formula is defined by
jx = Ry + Ry,

where R; = 2 and Ry = —1 are the roots of the characteristic equation - —-2=0.
Next, we present some identities on the product of Jacobsthal-like and Jacobsthal-Lucas
numbers by using Binet’s formula for derivation.

Theorem 2.3.
Viokspmbrq = Vintmystprq + (=2)™ Vi yip—g,m > m > 0and p > ¢ > 0,
nk+pJmk+q —
Wn+m)k+p+q - (_2)nk+p+1‘/(m—n)k+q—p—2> m>mn> 0 and q > P+ 2>0.
(1)
where m, n, p and q are nonnegative integers.
Proof. Case 1.If n > m > 0and p > ¢ > 0, then
. Rnk+p+1 _ Rnk—l—p—i—l . .
1 — 412
_ Q(Rgn—&—m)k—l—p—s—q—i-l + (R?k+p+1R£nk+q) . (R;Lk+p+1R7171k+q) . Rén—&-m)k—l—p—l—q—&—l)
Ri — Ry
n+m)k+p+q+1 n+m)k+p+q+1 m n—m)k+p—qg+1 n—m)k+p—q+1
:2(R§ Yk+p+q —Ré Yk+ptq +(R1R2) k+q(R§ Yk+p—q —Ré Yk+p—q ))
Ry — Ry
n+m)k 1 n+m)k 1 n—m)k+p—q+1 n—m)k+p—q+1
_ Q(Rg +m)k+p+g+l R; +m)k+p+q+ ) . (_Q)mk-l—qz(Rg Jkt+p—gq+1 Ré Ye+p—g+ )
Rl - R2 Rl - R2
= V(n+m)k+p+q + (_2)mk+qv(n—m)k+p—¢

Case2.If m>n>0andqg > p+ 2 > 0, then

Vnk+pjmk+q = 2( 1 Rl — Rz )(RTk-i-q + Rgnk-i-q)

(n+m)k+p+q+1 nk+p+1 pmk-+q nk+p+1 pmk+q (n+m)k+p+q+1
R, + (B Ry — (R R — Ry

=2
( Ry — Ry
_ 2(R§n+m)k+p+q+1 B R;n+m)k+p+q+l . (RlRQ)nk+p+1 (Rgmfn)kJrqufl . Rémn)k+qp1)
Ry — Ry

n+m)k+p+q+1 n+m)k+p+qg+1 m—n)k+q—p—1 m—n)k+q—p—1

:Q(Rg Yk+ptq —Ré Yk+p+q )_(_2)nk+p+12(Rg Yk+q—p —Ré Yk+q—p )
Rl - R2 Rl - RZ

= ‘/(n-l-m)k-i-p—i-q - (_2>nk+p+1‘/(m—n)k+q—p—2- O
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Corollary 2.3.1. For different values of n, m,p and q (1), it can be expressed:
e Ifn=2m=1,p=3andq=1, then Vo 3jrs1 = Vara + (—2)*" Vi po.
o Ifn=3m=3,p=2and q =2, then Vajojspro = Vrra + 2(—2)3 2.
o Ifn=2m=4,p=0and q=2, then Vayjayo = Verro — (—2)* Vs

Theorem 2.4. Let m,n,p and q be nonnegative integers, then

Ry — Ry

2 ) .
(T) Vnk+pvmk+q = J(ntm)ktptat2 — (_2)mk+q+1

J(n—m)k+p—q (2)
such thatn > m > Qandp > q > 0.

Proof.

Ri — Ry 2
(%) Vnk+pvmk+q
Ry — Ry .2
= 2 2
T G o L R -3
:R§n+m)k+p+q+2 _ R;Lk—‘,—p-‘,—lR;nk—‘rq—i-l N ng+p+1R71nk+q+1 + Rgn+m)k+p+q+2

nk+p+1 nk+p+1 mk+q+1 mk+q+1
Ry — Ry Ry — R

:(R§n+m)k+p+q+2 + R§n+m)k+p+q+2) - (Rle)mk+q+1 (Rgn—m)k—&—p—q + Rén—m)k—&-p—q)

mk+q+1

:j("+m)k+P+Q+2 - (_2> J(n—m)k+p—q- U]

Corollary 2.4.1. For different values of n, m,p and q (2), it can be expressed:

_Ro\2 . :
e Ifn=2m=1,p=3andq=1, then (F1552) Vo 3Vii1 = Jarss — (—2) ks

e Ifn=3,m=3,p=2andq =2, then (R1;R2)2V3k+2v3k+2 = Jorto — 2(—2)3F 3.

o I[fn=2m=4,p=0and q=2, then (RI*RQ)QV%VZLHQ = Jokra — (—2)F jor o

Theorem 2.5. Let m,n, p and q are nonnegative integers, then

mk+q

jnk—i—pjmk—i—q - j(n-‘rm)k-i—p-i-q + (_2) .](n—m)k—f—p—q (3)

such thatn > m > Qandp > q > 0.

Proof.

,jnker,jkarq _ (R?kﬂ) + Rgzkﬂ)) (R;nkJrq + R;nkJr(I)

_ ( R§n+m)k+p+q + R?’Hp R;nk:-i-q + ngﬂi Rgnk’-i-q + Rgn+m)k+p+q)
(Rgn-i-m)k—i-p-i-q + Rén-l—m)k—l—p-‘rq) + (R1R2)mk+q (Rgn—m)k:—i—p—q + Rgn—m)k:-i-p—Q)
J

mk+q

(n+m)k+p+q + (_2> J(n—m)k+p—q- N
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Corollary 2.5.1. For different values of n, m,p and q (3), it can be expressed

o Ifn=2m=1,p=3andq=1, then jori3jr+1 = Jar+a + (—2)" 1o
o Ifn=3,m=3,p=2and q =2, then jyuiojsiia = Jorta + 2(—2)% 2.
o Ifn=2m=4,p=0andq=2, then jopjsr+2 = jor+2 + (—2)* jorsa-

Theorem 2.6. Let m,n,p,q,r and s are nonnegative integers, then

Vnk+pjmk+qjsk+’r = Wn—&-m—l—s)k—i—p—i—q—&-r + <_2)8k+r‘/(n+m—s)k+p+q—r

m-rSs T (4)
+ (=)™ Vg ammyhtpir—g + (=2 TV etpger
suchthatn > m+s>0andp > qg+1r > 0.
Proof.

nk-+p+1 nk+p+1
I — Ry

Ry — Ry

Viktpimirqfserr = 2( ) (R + RyM9) (R + RgFHT)

o 1 2 (m+s)k+q+r mk+q psk+r mk+q psk+r (m+s)k+q+r
=2( TR ) (Ry T4 RUMTIRSTY + RyTTIRTT + Ry )

(m~+s+n)k+p+q+r+1 (m~+s+n)k+p+q+r+1
=2{(

2
Ry — Ry )
+(

(n+m)k+p+q+1 psk+r (n+m)k+p+q+1 psk+r
Ry Ry — Ry Rj

Ry — Ry )
R§"+S)k+p+r+1 Rgnk+q . RTk+q R§n+s)k+p+r+1
Ry — Ry )
RTfk-‘t—P‘Fl Rém-‘rs)k-i-q-‘rr . Rgm-&-s)k-i-q-&-TR;zk—i-p-i-l
i
R(m+s+n)k+p+q+r+1 B R(m+s+n)k+p+q+r+l
1 2
Ry — Ry )
m+n—s)k+p+q—r+1 (m+n—s)k+p+q—r+1
R§ P+q — R} p+q )
Ry — Ry
R(n+s—m)k+p+r—q+1 i R(n—l—s—m)k-l—p-‘,—r—q—l—l
1 2
Ry — Ry )
Rgn—m—s)kp—q—r—i-l - Rén—m—s)k—i—p—q—r—i—l)}
Ry — Ry
R(m+s+n)k+p+q+r+l B R(m+s+n)k+p+q+r+l
1 2
Ry — Ry )
R(m—i—n—s)k—i—p-{—q—r—f—l . R(m+n—s)k+p+q—r+1
1 2
Ry — Ry )

R(n+s—m)k+p+r—q+1 B R(n+s—m)k+p+r—q+1
1 2

Ry — Ry

R(nfmfs)k+p7qfr+1 R(nfmfs)k+p7qfr+1
i _

2
Ry — Ry )

+
+(

=2{(

+ (R1R2)5k+r(

+ (R1R2>mk+q(
+ (RIRQ)(m—i-s)k—l-q—i-r(
:2(

+ (_2>sk+r2(

+ (—2)mFra(

+ (_2)(m+s)k+q+r2<
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:V(n-i-m—l-s)k—&-p—l-q-i-r + (_2)8k+r‘/(n+m—5)k+p+q—r + (_Q)mk+q‘/(n+s—m)k+p+r—q

+ (_2)(m+s)k+q+rv(n_m_s)k+p_q_r_ O
Corollary 2.6.1. For different values of n,m, s, p,q and r (4) can be expressed
e lfn=3m=1,s=1,p=3,q=2andr =1, then

Vaksafer2dort = Varre + (—2)" Vappa + (=2)" P Vappn + (—2)* 7V
e lfn=3m=1,s=2,p=2,q=1andr =1, then

Vakgofer1doert = Versa + (—2) Vappo + (=2)" Wy pp + 2(—2) %2,

Theorem 2.7. Let m,n,p, q,r and s are nonnegative integers,

Ry — Ry

2 . . m .
(T) Vnk+pvmk+q]sk+r =J(n+m+s)k+p+q+r+2 — (_2> Fratt

J(n+s—m)k+pt+r—q

®)

- (—2)nk+p+1j(m+s—n)k+q+r—p

+ <_2) (n+m)k+p+q+2j(s—n—m)k+r—p—q—2

suchthats >n+m >0andr > p+q+2 > 0.

Proof.

R —R .
(%) 2Vnk+pvmk+qjsk+r

o R1 — RQ 2 sk-+r sk+r
_( 2 ) 2( Rl_RQ )2( Rl_RQ )(Rl +R2 )
— (R?k-i-p-i-l o R3k+p+l) (R;nk+q+l - Rglk'i‘lﬁ‘l) (R.ikJrT + R;k‘+r)

_ p(nt+m+s)k+p+qg+r+2 (n+s)k+p+r+1 pmk+q+1 nk+p+1 p(m+s)k+qg+r+1
=R, -y Iy - Ry TR

k 2 k 2 k 1 +s)k+qg+r+1
+ Rén-‘rm) +ptq+ Rik—i—r +R§n+m) +p+q+ R;IH—T . Rfll +p+ Rém s)k+q+r

nk+p+1 nk+p+1 mk+q+1 mk+q+1
Ry — R, Ry — R

(n+s)k+p+r+1 pmk+q+1 (n+m+s)k+p+q+r+2
_(R(n+m+s)k+p+q+r+2 + R(n+m+s)k+p+q+r+2)
- 1 2
(n+s)k+p+r+1 pmk+q+1 (n+s8)k+p+r+1 pmk+q+1

nk+p+1 p(m+s)k+qg+r+1 nk+p+1 p(m+s)k+g+r+1
n-+m)k+p+q+2 k+r n+m)k+p+q+2 k+r

2

o (n+m+s)k+p+q+r+2 (n+m+s)k+p+q+r+2
=(R; + Ry )

_ (R1R2>mk+q+1 <R§n+s—m)k+p+r—q + Ré’l’b-"‘s—m)k—‘,—p-’-r_q)
— (Rle)nk—l-p—i-l (R§m+s—n)k+q+'r—p + R§m+s—n)k+q+r_p)
+ <R1R2)(n+m)k+p+q+2 (Rgsfnfm)kJrT*P*lI*Q + Rgsfnfm)kJrrfpqug)

mk4q+1 ;

J(n+s—m)k+p+r—q — (_Q)NHPH '

:j(n+m+8)k+p+q+r+2 - (_2) J(m+s—n)k+q+r—p

+ <_2)(n+m)k+p+q+2j(s—n—m)k‘+r—p—q—2' O
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Corollary 2.7.1. For different values of n,m, s, p,q and r. (5), it can be expressed:

e lfn=1m=2,s=3,p=1,q=1andr =4, then

Ry — Ry | | | |
( 1—2 )V Va1 Var 1 ra = Jowes — (—2)% 2 jopa — (—2)" 2 pa + 2(—2)%+4,

e [fn=1m=1s=3,p=2,q=1andr =5, then

Ry — Ry 2 . . . . .
(ITZ) Vir2Vir1J3k+5 = Jokt10 — (_2)k+2]3k+6 - (_2)k+3]3k+4 + (—2)2“5]1«
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